Introduction and Preliminary
A basic question in the theory of functional equations is as follows. "When is it true that a function, which approximately satisfies a functional equation must be close to an exact solution of the equation?" The first stability problem concerning group homomorphisms was raised by Ulam 1 in 1940 and affirmatively answered by Hyers in 2 . Subsequently, the result of Hyers was generalized by Aoki 3 for additive mappings and by Rassias 4 for linear mappings by considering an unbounded Cauchy difference. The paper of Rassias has provided a lot of influence in the development of what we now call Hyers-Ulam-Rassias stability of functional equations. For more information, see [5] [6] [7] . Specially, Maligranda 8 and Moszner 9 provided a very interesting discussion on the definition of functional equations' stability. In this paper, we will apply the fixed point method to prove the Hyers-Ulam-Rassias stability of the functional equation 1.3 in the Pexider type f x y g x σ y 2h x 2k y .
1.6
To see the different approaches to the problem of the Pexiderized Cauchy equations' stability and further references concerning that subject we refer to 38-43 . 
For an extensive theory of fixed point and other nonlinear methods, the reader is referred to the book of Hyers et al. 44 and Cȃdariu and Radu 45 . 
Main Results
In this section, we prove the Hyers-Ulam-Rassias stability of the quadratic functional equation with involution 1.6 by applying the fixed point method.
Therefore
Now, we define X to be the set of all functions f : E 1 → E 2 and introduce a generalized metric on X as follows:
Let {f n } be a Cauchy sequence in X, d . According to the definition of Cauchy sequences, for any given > 0, there exists a positive integer N such that
for all m, n ≥ N . By considering the definition of the generalized metric d, we see that
If x is any given point in E 1 , 2.21 implies that {f n x } is a Cauchy sequence in E 2 . Since E 2 is complete, {f n x } converges in E 2 for each x ∈ E 1 . Hence, we can define a function f :
We define an operator J :
for all x ∈ E 1 . First, we assert that J is strictly contractive on X. Given g, h ∈ X, let C ∈ 0, ∞ be an arbitrary constant with
that is,
for all x ∈ E 1 .
If we replace y by x in 2.18 , then we obtain
for every x ∈ E 1 . It follows from 2.23 and 2.25 that
for all x ∈ E 1 , that is, d Jg, Jh ≤ LC. Hence, we conclude that d Jg, Jh ≤Ld g, h for any g, h ∈ X. Therefore, J is strictly contractive because L is a constant with 0 < L < 1. Now, we claim that d Jh, h < ∞. If we put y x in 2.26 and divide both sides by 1/4, then we get
for all x ∈ E 1 , that is,
2.29
Now, by Theorem 1.1 there exists a function T : E 1 → E 2 which is a fixed point of J, such that d J n h, T → 0 as n → ∞. By induction, we can easily show that
for each n ∈ N. Since d J n h, T → 0 as n → ∞, there exists a sequence {C n } such that C n → 0 as n → ∞ and d J n h, T ≤ C n for every n ∈ N. Hence, by the definition of d, we have
for all x ∈ E 1 . Thus, for each fixed x ∈ E 1 , we have
Journal of Inequalities and Applications
T x lim
for all x ∈ E 1 . It follows from 2.1 , 2.2 , and 2.33 that
for all x, y ∈ E 1 , which implies that T is a solution of 1.6 . By Theorem 1.1 c and 2.29 , we obtain
that is, 2.3 is true for all x ∈ E 1 . Assume that T 1 : 
2.36
Also by 2.12 , 2.28 , we obtain
2.37
and by 2.13 , 2.28 , we obtain
2.38
In the following, we will investigate some special cases of Theorem 2.1.
Remark 2.2.
Let E 1 be a commutative semigroup with the divisibility by 2 , and let E 2 be a a real Banach space. Suppose that a function ϕ :
for all x, y ∈ E 1 . Furthermore, let f, g, h, k : E 1 → E 2 be even functions satisfying the inequality
for all x, y ∈ E 1 , where σ :
for all x ∈ E 1 , where
2.42
Remark for all x, y ∈ E 1 , then, there exists a unique solution T :
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Also, if we put φ x, y x p y p for 0 ≤ p < 1 and > 0, then there exists a unique solution T :
2.46
Similarly, let , p, q ≥ 0 be real numbers such that p q < for all x ∈ E 1 .
